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Recently, the notion of topological phases of matter has been extended to higher order incarna-
tions, supporting gapless modes on even lower dimensional boundaries, such as corners and hinges.
We here identify a collection of cubic spin-3/2 fermions with bi-quadratic touching of Kramers degen-
erate valence and conduction bands as a platform to strain-engineer higher-order topological (HOT)
phases: external uniaxial strain gives birth to a HOT Dirac semimetal or an insulator, depending
on its sign, featuring topological hinge modes in the strain direction. The insulator in fact exhibits
mixed topology, and in addition supports edge modes on orthogonal planes. These outcomes are
germane when the external strain is applied along one of the C4v or coordinate axes, as well as
C3v or body-diagonal, directions. Our findings place HgTe, gray-Sn, 227 pyrochlore iridates and
half-Heusler compounds at the frontier of strain engineered electronic HOT phases.
Introduction: Strain-engineering has been of intense
interest recently, being instrumental for the identifica-
tion of nematic phases in correlated materials, such as
cuprates, pnictides and heavy-fermion compounds [1, 2].
This is so, because strain couple linearly to nematicity,
similar to how an external magnetic field couples to mag-
netization. It can also give rise to other exotic phenom-
ena, such as topologically protected axial Landau levels
in strained Dirac and Weyl materials [3, 4], a quantum
phase transition between a topological Dirac semimetal
(TDSM) and trivial band insulator [5–8], to name a few.
We propose the three-dimensional Luttinger semimetal
(LSM) of spin-3/2 fermions, displaying a bi-quadratic
touching of Kramers degenerate valence and conduction
bands [9, 10], as a platform to strain-engineer a plethora
of higher-order topological (HOT) phases, featuring one-
dimensional hinge modes of codimension dc = 2.
Typically, a d-dimensional topological state supports
gapless modes on d − 1 dimensional boundary (charac-
terized by dc = 1) [11–14]. This notion has been extended
recently to incorporate higher order cousins [15–42]: an
nth order topological phase accommodates gapless modes
on boundary of codimension dc = n > 1. Prototypical
examples include corner and hinge states with dc = d
and dc = d − 1, respectively. In this nomenclature, con-
ventional topological phases are first order. While HOT
phases have been realized in various metamaterials, such
as phononic [43] and photonic [44, 45] crystals, and elec-
tric circuits [46], so far elemental Bi stands as the lone
example to support an electronic HOT state [16].
We here show that strain in a three-dimensional LSM
can induce a variety of HOT phases, both gapless and in-
sulating. When stress is applied to a LSM along certain
high-symmetry directions, such as the C4v (x, y and z co-
ordinate axes) and C3v (four body diagonal or 〈111〉) di-
rections (respectively classified as the Eg and T2g strains,
according to cubic or Oh point group [47]), the resulting
strain induces either a TDSM or a topological insulator,
depending on the sign (±) of the strain (which we refer
to as tensile or compressive, respectively). Both sup-
FIG. 1: Schematic phase diagram of a LSM (red dot), in
the presence of an external strain of magnitude |∆|. Here,
sgn(∆) = + (−) corresponds to tensile (compressive) strain,
which gives rise to a second order Dirac semimetal (topologi-
cal insulator). The momentum in the direction of the external
strain is kstr. In the semimetal phase two Dirac points, located
at ±k∗str, are separated along this axis, where k∗str ∼
√|∆|.
Both phases produce four hinge states of codimension dc = 2,
along kstr, see blue lines in the cubes (inset). In the insulat-
ing (Dirac semimetal) phase the hinge modes exist for any kstr
(|kstr| > k∗str). The topological insulator also supports edge
modes (green lines) with dc = 1 on the kstr = 0 plane (green
dots), occupying two planes orthogonal to kstr; thus accom-
modating mixed topology. The white region (|kstr| < k∗str)
is devoid of any boundary mode. In practice, kstr is a high
symmetry (〈100〉 or 〈111〉, for example) direction.
port four copies of one-dimensional hinge modes in the
direction of the applied strain. In addition, the insulator
supports edge modes that reside on two-dimensional sur-
faces (dc = 1) perpendicular to the applied strain, thus
exhibiting mixed topology. The resulting phase diagram
is schematically shown in Fig. 1. Our results may be of
experimental relevance to HgTe [48], gray-Sn [49, 50], 227
pyrochlore iridates [51–53] and half-Heuslers [54–56].
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2A toy model : To set the stage, we first consider a model
describing three-dimensional HOT phases (both insula-
tor and semimetal), constituted by spin-1/2 fermions.
The corresponding Hamiltonian can be decomposed as
hˆ3DHOT(k) = hˆ
k
0 + hˆ
k
1 , where
hˆk0 = t
2∑
j=1
Sjγj +
[
tzCz −mz + t0
2∑
j=1
(1− Cj)
]
γ3,
hˆk1 = ∆1(Cy − Cx)γ4 + ∆2SxSyγ5, (1)
Cj ≡ cos(kja), Sj ≡ sin(kja), kjs are components of mo-
menta, and a is the lattice spacing, set to unity. Four-
component γ matrices satisfy the anticommuting Clifford
algebra {γj , γk} = 2δjk, for j, k = 1, · · · , 5. Even though
the following discussion does not depend on the repre-
sentation of γ matrices, for the sake of concreteness we
choose γ1 = σ3τ1, γ2 = σ0τ2, γ3 = σ0τ3, γ4 = σ1τ1 and
γ5 = σ2τ1. Two sets of Pauli matrices σ and τ respec-
tively operate on spin and sublattice/orbital indices.
Expanding hˆ3DHOT(k) around the Γ = (0, 0, 0) point, we
arrive at the effective low-energy model for HOT phases
hˆ3D,ΓHOT(k) = v
2∑
j=1
kj γj +
[
− tz
2
k2z + ∆¯ + t0
k2⊥
2
]
γ3
+
1
2
∆1 (k
2
x − k2y) γ4 + ∆2 kxky γ5, (2)
where ∆¯ = tz −mz, k⊥ = (k2x + k2y)1/2 and v = t bears
the dimension of (Fermi) velocity. For ∆1 = 0 = ∆2,
the system respectively describes a TDSM and a three-
dimensional quantum spin Hall insulator (3D-QSHI) for
∆¯ > 0 and ∆¯ < 0. In the former phase, the Dirac points
are located at k = (0, 0,±k∗z), where k∗z =
√
2∆¯/tz.
The transition between these two phases takes place at
∆¯ = 0, where the low-energy density of states scales
as |E|3/2 [57]. Both TDSM and 3D-QSHI can be con-
structed by stacking two-dimensional quantum spin Hall
insulators (2D-QSHIs) in momentum space along the kz
direction, and the corresponding band inversion takes
place at k∗⊥ = [(tzk
2
z − 2∆¯)/t0]1/2. Hence, for t0, tz > 0,
the band inversion occurs for any kz when ∆¯ < 0. By
contrast, when ∆¯ > 0 it takes place only for kz > k
∗
z and
kz < −k∗z , and the two-dimensional insulators occupying
the region |kz| ≤ k∗z are topologically trivial.
Both TDSM and 3D-QSHI support two copies of Fermi
arc surface states, the loci of the zero-energy modes, as-
sociated with the one-dimensional counter-propagating
edge states for opposite spin projections of the underlying
2D-QSHIs. Therefore, in the 3D-QSHI phase the Fermi
arcs exist for any kz, while two disjoint pieces of arcs are
found for kz > k
∗
z and kz < −k∗z in the TDSM phase. In
real space, such Fermi arc states occupy two-dimensional
surfaces in the xz and yz planes, and hence are charac-
terized by codimension dc = 1 [59]. Thus, the TDSM
and 3D-QSHI represent first order topological phases.
Turning on hˆk1 (with ∆2 = 0) generates a mass for the
one-dimensional edge states of the underlying 2D-QSHIs.
This term changes sign under a discrete four-fold rota-
tion and assumes the profile of a domain wall. Then four
states at precisely zero energy appear at the corners of
the system (according to a generalized Jackiw-Rebbi in-
dex theorem [58]), for |kz| > k∗z when ∆¯ > 0 or any kz
when ∆¯ < 0. The collection of such corner localized zero-
energy modes ultimately constitutes four copies of one-
dimensional hinge states, extended along the z direction,
implying a second order topological phase. Even when
∆2 is finite, the hinge modes persist at half-filling (ev-
idenced by numerically diagonalizing the tight-binding
model of Eq. (1) on a cubic lattice), but slightly away
from zero energy due to the loss of the spectral symme-
try with open boundaries [59]. The phase diagram of the
toy model is similar to the one shown in Fig. 1, but (a)
the red dot represents a gapless phase with |E|3/2 density
of states at low energies and (b) the insulating phase is
devoid of edge states. Next we proceed to demonstrate
the emergence of similar HOT phases for spin-3/2 Lut-
tinger fermions in the presence of external strain.
Luttinger model : The Hamiltonian describing a bi-
quadratic touching of Kramers degenerate valence and
conduction bands of spin-3/2 fermions is [9, 10]
hˆL(k) = −
 1
2m1
3∑
j=1
dj(k)Γj +
1
2m2
5∑
j=4
dj(k)Γj
 , (3)
where Γs are four-dimensional mutually anticommuting
Hermitian matrices, satisfying the anticommuting Clif-
ford algebra {Γj ,Γk} = 2δjk, for j, k = 1, · · · , 5, and
d1(k) =
√
3kykz, d2(k) =
√
3kxkz, d3(k) =
√
3kykx,
d4(k) =
√
3
2
(k2x − k2y), d5(k) =
1
2
(2k2z − k2x − k2y). (4)
Momenta k are measured from the band touching point,
located at k = 0. For the sake of simplicity, we neglect
particle-hole asymmetry, and set m1 = m2 = m (say),
even though in a cubic environment m1 6= m2 in general,
and assume m > 0. If we organize the four-component
spinor according to Ψ>k = (ck, 32 , ck, 12 , ck,− 12 , ck,− 32 ),
where ck,ms is the fermion annihilation operator with mo-
mentum k and spin projection ms, then Γ1 = κ3σ2,Γ2 =
κ3σ1,Γ3 = κ2σ0,Γ4 = κ1σ0,Γ5 = κ3σ3. The Pauli ma-
trices {κµ} and {σµ} for µ = 0, · · · , 3 respectively oper-
ate on the doublet of sign [sgn(ms) = ±] and magnitude
[|ms| ∈ {1/2, 3/2}] of the spin projection ms. The Γ ma-
trices also provide a basis for a symmetric traceless tensor
operator formed from bilinear products of spin-3/2 ma-
trices [59].
The energy spectra of two-fold degenerate conduction
and valence bands are respectively ±|k|2/(2m). While
such band touching is protected by cubic symmetry, the
3Kramers degeneracy of the bands is ensured by time-
reversal (T ) and parity (P) or inversion symmetries.
Specifically, under the reversal of time k → −k and
Ψk → Γ1Γ3Ψ−k, and T = Γ1Γ3 K, where K is the com-
plex conjugation, yielding T 2 = −1. Under spatial inver-
sion, k→ −k and Ψk → Ψ−k.
External strain modulates this unconventional band
touching. While respecting the P and T symmetries
(thus maintaining the Kramers degeneracy of the bands),
it reduces the cubic symmetry of the system, and depend-
ing on its nature (compressive or tensile) destabilizes the
bi-quadratic band touching in favor of an insulating or a
gapless phase. In practice, strain is applied along high
symmetry, such as the C4v and C3v axes, directions. The
following discussion is geared toward unveiling the topo-
logical properties of such time-reversal invariant strain-
engineered phases of spin-3/2 fermions.
Eg strain: The coupling of a generic strain, trans-
forming under the Eg representation, with spin-3/2 Lut-
tinger fermions is captured by the Hamiltonian hˆEg =
∆ (sinφ Γ4 + cosφ Γ5), where |∆| is its amplitude and φ
is the internal phase [60, 61]. An external strain applied
along the z direction is parametrized by φ = 0 (tensile)
or pi (compressive). On the other hand, the tensile and
compressive strain along the x (y) direction respectively
correspond to φ = 2pi/3 (4pi/3) and 5pi/3 (pi/3). If we
denote the Hamiltonian operator associated with strain
along j direction as hˆjEg , then
hˆzEg = |∆|Γ5 sgn(∆), hˆxEg =
|∆|
2
[√
3Γ4 − Γ5
]
sgn(∆),
hˆyEg = −
|∆|
2
[√
3Γ4 + Γ5
]
sgn(∆). (5)
In this notation, the tensile and compressive strain cor-
respond to sgn(∆) = + and −, respectively.
We first focus on strain applied along the z direction,
for which the total Hamiltonian reads
hˆz,tEg = vz[kxΓ2 + kyΓ1] +
[
− k
2
z
2m
+ |∆|sgn(∆) + k
2
⊥
4m
]
Γ5
− 1
2m
[√
3
2
(k2x − k2y)Γ4 +
√
3kxkyΓ3
]
, (6)
and can be identified with hˆ3DHOT(k), see Eq. (2), with
v = v
z
, tz = 2t0 =
1
m
, ∆¯ = ∆, ∆1 = ∆2 = −
√
3
2m
,
where vz =
√
3kz/(2m), and γ1 = Γ2, γ2 = Γ1, γ3 =
Γ5, γ4 = Γ4, γ5 = Γ5. The only (and important) differ-
ence is that vz vanishes for kz = 0. Otherwise, for any
finite kz, the emergent topology of strained spin-3/2 Lut-
tinger fermions follows the previous discussion. For ex-
ample, tensile strain produces a TDSM with Dirac points
located at (0, 0,±k0z), where k0z =
√
2m|∆|, while com-
pressive strain yields a topological insulator [47, 61–63].
We next focus on the kz = 0 plane to fully characterize
the emergent topology and the resulting boundary modes
of these two phases.
In the kz = 0 plane, hˆ
z,t
Eg
from Eq. (6) can be cast (af-
ter suitable unitary rotation [59, 64]) in a block-diagonal
form H+ ⊕H−, where for σ = ±
Hσ =
[
|∆| sgn(∆) + k
2
⊥
4m
]
στ3− 1
2m
[d4(k)τ1 + d3(k)τ2] ,
(7)
since it involves three mutually anti-commuting Γ matri-
ces. For sgn(∆) = +, the kz = 0 plane hosts a trivial in-
sulator (devoid of band inversion), supporting no bound-
ary mode. Therefore, the TDSM hosts one-dimensional
hinge modes with dc = 2 only for |kz| > k0z , extended
along the z direction, and is thus of second-order. By
contrast, when sgn(∆) < 0, the kz = 0 plane is oc-
cupied by a 2D-QSHI, composed of two superimposed
copies of quantum anomalous Hall insulators of Chern
numbers C = ±2 for opposite spin projections (σ = ±).
It accommodates two copies of counter-propagating edge
modes for opposite spin projections that reside in the
xz and yz planes. For any finite kz, the insulating
phase supports only corner localized zero modes, ulti-
mately constituting four hinge states along the z direc-
tion. Hence, the resulting three-dimensional topological
insulator hosts both one-dimensional hinge modes (with
dc = 2) and two-dimensional edge modes (dc = 1), and
thus supports mixed topological boundary modes. The
resulting phase diagram of strained spin-3/2 Luttinger
fermions is schematically shown in Fig. 1.
In the rest of the paper, we show that when ex-
ternal strain is applied along any high symmetry di-
rection, the effective single-particle Hamiltonian always
takes the form of hˆz,tEg , see Eq. (6), after suitable rela-
beling of the momentum axes and redefinitions of mu-
tually anticommuting Γ matrices. Hence, the above dis-
cussion is sufficient to capture the emergent topology of
strain-engineered phases in Luttinger systems. To verify
(rather than test) this in our present framework, we con-
tinue with the Eg strain, and construct the equivalent
of the Hamiltonian in Eq. (6) for strain along x direc-
tion. This proceeds by introducing new sets of momenta
qx = kz, qy = ky, qz = kx, and four-component Hermitian
matrices Γ¯1 = Γ3, Γ¯2 = Γ2, Γ¯3 = Γ1, Γ¯4 = (Γ4+
√
3 Γ5)/2
and Γ¯5 = (
√
3 Γ4 − Γ5)/2, such that they also satisfy
the anticommuting Clifford algebra {Γ¯j , Γ¯k} = 2δjk, for
j, k = 1, · · · , 5 and qz ‖ [100]. We then find
hˆL(k) + hˆ
x
Eg ≡ −
1
2m
5∑
j=1
dj(q)Γ¯j + |∆| Γ¯5 sgn(∆). (8)
Therefore, the resulting TDSM phase (sgn(∆) = +) sup-
ports only four hinge modes along the x direction, while
the insulator (sgn(∆) = −) in addition accommodates
edge mode residing on the xy and xz planes. Following
4similar steps [59], analogous results follow for strain and
the concomitant hinge modes in the y direction, along-
side the edge modes in the xy and yz planes. Next we
proceed to discuss the effects of external strains, applied
along the C3v or body diagonal or 〈111〉 directions.
T2g strain: The effective single-particle Hamiltonian,
capturing the coupling between an external strain applied
along a body diagonal or C3v axis of a cubic system and
spin-3/2 Luttinger fermions is given by
hˆT2g =
|∆|√
3
3∑
j=1
sgn(∆j) Γj , (9)
where |∆| =
√
∆21 + ∆
2
2 + ∆
2
3 and ∆1,2,3 are the com-
ponents of the strain along one of the [111] directions in
the x, y, z axes, respectively. In this notation, tensile and
compressive strain respectively correspond to sgn(∆) =
±, where sgn(∆) = ∏3j=1 sgn(∆j). To demonstrate the
effects of a T2g strain, we align it along one of the specific
body diagonal, the [1, 1, 1], direction, for which either (a)
sgn(∆j) = + (tensile) or (b) sgn(∆j) = − (compressive),
for j = 1, 2, 3. This yields (a) a pair of Dirac points along
the [111] body diagonal at k = ±k0[111](1, 1, 1), where
k0[111] =
√
2m|∆|/3 or (b) an insulator.
To address the emergent topology of these two phases,
we introduce a new set of momenta with qz ‖ [111]
qx =
kx − ky√
2
, qy =
kx + ky − 2kz√
6
, qz =
kx + ky + kz√
3
,
and define a new set of Γ¯ matrices satisfyig the Clifford
algebra {Γ¯j , Γ¯k} = 2δjk, for j, k = 1 · · · 5,
Γ¯1 = −
[
1
3
√
2
(Γ1 + Γ2 − 2Γ3) +
√
2
3
Γ5
]
,
Γ¯2 = −Γ1 − Γ2 − 2Γ4√
6
, Γ¯3 =
Γ1 − Γ2 + Γ4√
3
,
Γ¯4 =
Γ1 + Γ2 − 2Γ3 −
√
3Γ5
3
, Γ¯5 =
Γ1 + Γ2 + Γ3√
3
.
The effective single particle Hamiltonian reads
hˆL(k)+
|∆|√
3
sgn(∆)
3∑
j=1
Γj ≡ hˆL(q)+|∆|Γ¯5 sgn(∆), (10)
similar to hˆz,tEg , see Eq. (6). Hence, the resulting HOT
TDSM phase hosts four copies of hinge modes along the
[111] direction. Besides such hinge modes, the strain en-
gineered insulator supports edge modes localized on two-
dimensional surfaces perpendicular to the [111] direction.
One arrives at analogous conclusions when the external
strain is applied along one of the other three body diag-
onal, namely [11¯1¯], [1¯11¯] and [1¯1¯1], directions [59].
Summary and discussion: We show that a family of
electronic systems, described by a collection of cubic spin-
3/2 fermions, which in the normal state display a bi-
quadratic band touching, can harbor HOT phases (such
as TDSM and insulator), when they are subjected to
external strains, applied along certain high symmetry
(such as 〈100〉 and 〈111〉) directions, see Fig. 1. Some
well known members of this family are HgTe [48], gray-
Sn [49, 50], 227 pyrochlore iridates [51–53] and half-
Heusler compounds [54–56]. While both insulator and
TDSM support four hinge modes in the strain direction,
the former one in addition accommodates edge modes on
two orthogonal planes, which can be detected from angle-
resolved photoemission spectroscopy (ARPES) and scan-
ning tunneling microscope (STM) measurements. Appli-
cation of strain along one of the C4v (such as [001]) is
promising in gray-Sn, whereas our findings in the pres-
ence of T2g strain can be relevant for 227 pyrochlore iri-
dates (due to the natural growth of pyrochlore crystals
in the 〈111〉 direction) [65]. Even though pyrochlore iri-
dates [66] and half-Heuslers [67] support various mag-
netic and/or superconducting phases at lowest temper-
ature, corresponding ordering temperature can be sup-
pressed significantly by applying hydrostatic and chemi-
cal pressures [68, 69]. Therefore, our proposed strain en-
gineered HOT phases in the world of spin-3/2 Luttinger
fermions can be germane above the ordering tempera-
tures in strongly correlated systems and should motivate
future experimental works.
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